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Data driven science

CO2 Underground storage Climate modeling

Numerical simulations require
increasingly computing power as
data sets grow exponentially

Dissolved CO2 Concentration
0000 000500 00100 00150 00200

Source: T. Guignon, IFPEN http://www.epm.ornl.gov/chammp/chammp.html

'

_ . Astrophysics: CMB data analysis
Figures from astrophysics: _

e Produce and analyze multi-frequency 2D images of
the universe when it was 5% of its current age.

« COBE (1989) collected 10 gigabytes of data, required
1 Teraflop per image analysis.

e PLANCK (2010) produced 1 terabyte of data, requires
100 Petaflops per image analysis.

e CMBPol (2020) is estimated to collect .5 petabytes of
data, will require 100 Exaflops per image analysis.

Source: J. Borrill, LBNL, R. Stompor, Paris 7
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http://www.scidacreview.org/0704/html/cmb.html
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Motivation - the communication wall

» Runtime of an algorithm is the sum of:
« #flops x time_per_flop
« #words_moved /
« #messages x latency

» Time to move data >> time per flop
« Gap steadily and exponentially growing over time

Annual improvements
Time/flop Bandwidth | Latency
Network 15%
59%
DRAM 5%

» Performance of an application is less than 10% of the peak performance

“‘We are going to hit the memory wall, unless something basic changes” [W. Wulf, S.
McKee, 95]
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Motivation

The communication problem needs to be taken into account
higher in the computing stack

A paradigm shift in the way the numerical algorithms are
devised is required

Communication avoiding algorithms - a novel perspective for
numerical linear algebra

* Minimize volume of communication

* Minimize number of messages

* Minimize over multiple levels of memory/parallelism

« Allow redundant computations (preferably as a low order term)
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Previous work on reducing communication

Tuning

» Overlap communication and computation, at most a factor of 2 speedup

Ghosting

« Store redundantly data from neighboring processors for future computations

Scheduling

» Block algorithms for linear algebra
« Barron and Swinnerton-Dyer, 1960
« ScalLAPACK, Blackford et al 97
Cache oblivious algorithms for linear
algebra

e Gustavson 97, Toledo 97, Frens and
Wise 03, Ahmed and Pingali 00
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Communication in CMB data analysis

Map-making problem

Find the best map x from observations d, scanning strategy A, and noise N’
Solve generalized least squares problem involving sparse matrices of size 10"%-by-107
Spherical harmonic transform (SHT)

* Synthesize a sky image from its harmonic representation

+ Computation over rows of a 2D object (summation of spherical harmonics)
+ Communication to transpose the 2D object

« Computation over columns of the 2D object (FFTs)

10 Total computation / Communication
16384 T A ! & it ]
le@ o o ol N
10 sl i _
- Overall runtime
«— 2048
0 .
10 :
L 10245 -
- Communication o4
8 b -
107 Iisenusssssbasssssssosssosmsom e oo b e enensnsasnsns - Pos
L _Computation 256 -
11t with Mgag e, — / Pz
) 1 lt. With M2|V| S I 128 __ p 3
10 N:xVi - 1 P
P’ xV, + (MPI-AllIReduce) =swewe= T B4
PxV, . »
10_3 E-1 X Vi 32%.
32 64 128 256 512 1024 16 b
Number of MPI processes 2 4 & 16 32 B4 128 256 512 1024 2048

Map making, with R. Stompor, M. Szydlarski SHT, with R. Stgr‘ﬁﬁor, M. Szydlarski
Results obtained on Hopper, Cray XE6, NERSC Simulation on a petascale computer



Communication Complexity of
Dense Linear Algebra

« Matrix multiply, using 2n3 flops (sequential or parallel)
« Hong-Kung (1981), lrony/Tishkin/Toledo (2004)
« Lower bound on Bandwidth = Q (#flops / M"2)
« Lower bound on Latency = Q (#flops / M?3?)

« Same lower bounds apply to LU using reduction

 Demmel, LG, Hoemmen, Langou 2008

(1 -B\ (I \(1 _B)
A T AT || I AB
\ L)\ 1)\ I )

* And to almost all direct linear algebra [Ballard, Demmel, Holtz,
Schwartz, 09]
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2D Parallel algorithms and communication bounds

* If memory per processor = n? / P, the lower bounds become
#words_moved = Q (n?/PV2), #messages = Q ( P"?)

Algorithm Minimizing Minimizing
#words (not #messages) #words and #messages
Cholesky ScalLAPACK ScalLAPACK
LU ScalLAPACK [LG, Demmel, Xiang, 08]
uses partial pivoting [Khabou, Demmel, LG, Gu, 12]

uses tournament pivoting

QR ScalLAPACK [Demmel, LG, Hoemmen, Langou, 08]
uses different representation of Q

RRQR ScalLAPACK [Branescu, Demmel, LG, Gu, Xiang 11]
uses tournament pivoting, 3x flops

« Only several references shown, block algorithms (ScaLAPACK) and
communication avoiding algorithms
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LU factorization (as in ScaLAPACK pdgetrf)

LU factorization on a P = P, x P, grid of processors
Forib=1ton-1stepb
Alb) = A(ib:n, ib:n) #messages

(1) Compute panel factorization O(nlog, P.)
- find pivot in each column, swap rows

(2) Apply all row permutations O(n/b(log, P. +1log, P.)) |
- broadcast pivot information along the rows
- swap rows at left and right

(3) Compute block row of U O(n/blog, P,)
- broadcast right diagonal block of L of current panel

(4) Update trall!ng matrix O(n /b(10g2 Pc + 10g2 Pr)) “
- broadcast right block column of L
- broadcast down block row of U
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TSQR: QR factorization of a tall skinny matrix
using Householder transformations

* QR decomposition of m x b matrix W, m>>Db
* P processors, block row layout

 Classic Parallel Algorithm
« Compute Householder vector for each column
* Number of messages « b log P

« Communication Avoiding Algorithm
* Reduction operation, with QR as operator
* Number of messages « log P

by v

J. Demmel, LG, M. Hoemmen, J. Langou, 08
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Parallel TSQR
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References: Golub, Plemmons, Sameh 88, Pothen, Raghavan, 89, Da Cunha,

Becker, Patterson, 02
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Flexibility of TSQR and CAQR algorithms

Parallel: W=

SSS=

Sequential: w-

SSS=
Qm
Qm

i Wo_ =  Ropp —
R
Dual Core: w=| W; | ™ Ry —> "3 4
W, > Ry ” Ro3
>

Reduction tree will depend on the underlying architecture,

could be chosen dynamically
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Modeled Speedups of CAQR vs ScaLAPACK

Peta:Time PDGEQRF/Time CAQR max=22.9444 n=10000, P=68192

Petascale
up to 22.9x

IBM Power 5
up to 9.7x

“Grid”
up to 11x

10 12 14

6 8
log, (F)

Petascale machine with 8192 procs, each at 500 GFlops/s, a bandwidth of 4 GB/s.
Y= 2105, =105, =2-10"s/ word.
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Obvious generalization of TSQR to LU

 Block parallel pivoting:

uses a binary tree and is optimal in the parallel case

Wo | Yoo = Uy,
—>
w= Wi Uso Upy
W, |7 Uy ——> ¢y 7

 Block pairwise pivoting:

uses a flat tree and is optimal in the sequential case

introduced by Barron and Swinnerton-Dyer, 1960: block LU factorization used to solve a
system with 100 equations on EDSAC 2 computer using an auxiliary magnetic-tape

used in PLASMA for multicore architectures and FLAME for out-of-core algorithms and
for multicore architectures

WO - UOO NU
= 1 ///>Uoz —>
W, MU(B
L W5
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Stability of the LU factorization
The backward stability of the LU factorization of a matrix A of size n-by-n
Iz . = a+22 - mg,)llAl
depends on the growth factor

maxi’j’k

k
aij

8w = where a;* are the values at the k-th step.

aij

max,

gw < 2™, but in practice it is on the order of n?3 -- n/2

Two reasons considered to be important for the average case stability [Trefethen and
Schreiber, 90] :

- the multipliers in L are small,

- the correction introduced at each elimination step is of rank 1.
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growth factor

Block parallel pivoting

average growth factor {partial pivoting;b=1,2,4,8,16,32)
10 ;

7
7
¢ parallel pivoting

T rorrrn

10

10

10

T

i3
)

10

matirx size

Unstable for large number of processors P

When P=number rows, it corresponds to parallel pivoting, known to be unstable

(Trefethen and Schreiber, 90)
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Tournament pivoting - the overall idea

« At each iteration of a block algorithm

b n-b>b

A, A\ b A
A =( 11 21) } . where |1, =( 11)

Ay Ay }n—b A21

« Preprocess W to find at low communication cost good pivots for the LU
factorization of W, return a permutation matrix P.

« Permute the pivots to top, ie compute PA.
« Compute LU with no pivoting of W, update trailing matrix.

L11 )(Uu U12 )
L21 1 -b Azz _L21U12

n
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Tournament pivoting

W, HgWo W, I_I€W0 W, I_Igwo
0 1 2 0 2 0| — —— 2 4
2 0 =I1,L,U, 4 1=H0Lo 0 2 4 4 2 =1I,L U, b4
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W, n’'w /
2 0 1 1
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Stability of CALU (experimental results)

* Results show ||PA-LUJ|/||A]|, normwise and componentwise backward
errors, for random matrices and special ones
» See [LG, Demmel, Xiang, 2010] for details
« BCALU denotes binary tree based CALU and FCALU denotes flat tree based CALU

10°

10

107 |

ratio of CALU to GEPP

107 |

| | 1 | 1
| BCaALU  FCALU FCaLU BCALU  FCALU FCaLU BCALU  FCALU FCaLU i
107k randn randn randn

ll | | R
[IPA-LUIAA] normwise backward error componentwise backward error




Lightweight scheduling for CALU

Static scheduling
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CALU performance on AMD 48 cores
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Task dependency graph of CALU
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Donfack, LG, Gropp, Kale, IPDPS 2012
Page 21




Plan

« Communication avoiding for sparse linear algebra

» lterative methods and preconditioning
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Communication in Krylov subspace methods

Iterative methods to solve Ax =b

Find a solution x, from x, + K, (A, r,), where K, (A, ro) =span {r,, Ar,, ..., AKTry}
such that the Petrov-Galerkin condition b - Ax, L L, is satisfied.

For numerical stability, an orthonormal basis {q,, q,,..., q,} for K, (A, r,) is
computed (CG, GMRES, BiCGstab,...)

Each iteration requires
« Sparse matrix vector product
» Dot products for the orthogonalization process

S-step Krylov subspace methods
* Unroll s iterations, orthogonalize every s steps

Van Rosendale ‘83, Walker ‘85, Chronopoulous and Gear ‘89, Erhel ‘93, Toledo ‘95, Bai, Hu, Reichel
‘91 (Newton basis), Joubert and Carey ‘92 (Chebyshev basis), etc.

Recent references: G. Atenekeng, B. Philippe, E. Kamgnia (to enable multiplicative Schwarz
preconditioner), J. Demmel, M. Hoemmen, M. Mohiyuddin, K. Yellick (to minimize communication,

next slide)
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Minimizing communication in iterative solvers

* To minimize communication
« Generate a set of s vectors (Ab, A%b, ..., A%b)
« Orthogonalize the s vectors, check convergence

} O(log P) messages, optimal
However

« Important instability problem to address (monomial basis)

« CA-preconditioners to further decrease the number of itegations

I I ' I I i Nonresltaned GMIRES
. . A v Restarted GMRES(192)
on one processor with no commu/meﬂ f O Monomial-GMRES(24,3)
[ a ° 4 Newton-GMRES(24,8)
I -1 : o [o] o a [ o

¥ o Q
 © <) © o000

Domain and ghost data to compute Ax, A2 x, ...
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Log10 of 2-norm relative residual
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T 112113 114 115 116 117 118 119 1204 161 162 163 164 165 166 167 168 169 170

i

121 122 123 124 125 126 127 128 129 130 171 172 173 174 175 176 177 178 179 180 - 1
131 132 133 134 135 136 137 138 139 140 181 182 183 184 185 186 187 188 189 190 \
141 142 143 144 145 146 147 148 149 150 191 192 193 194 195 196 197 198 199 200 " - :

1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
Inner iteration number

Source: M. Hoemmen
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Research opportunities and limitations

Length of the basis “s” is limited by

«  Size of ghost data
 Loss of precision

Cost for a 3D regular grid, 7 pt stencil

s-steps Memory Flops

GMRES O(s n/P) O(s n/P)

CA- O(s n/P)+ O(s n/P)+

GMRES | O(s (n/P)23)+ O(s2 (n/P)23)+
O(s? (n/P)173) O(s3 (n/P)173)

Preconditioners: few identified so far to work with s-step methods

« Highly decoupled preconditioners: Block Jacobi
* Hierarchical, semiseparable matrices (M. Hoemmen, J. Demmel)

A look at three classes of preconditioners
. Incomplete LU factorizations (joint work with S. Moufawad, talk in MS later

today)
«  Two level preconditioners in DDM

« Deflation techniques through preconditioning
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ILUO with nested dissection and ghosting

Let a, be the set of equations to be solved by one processor

Ghost data required:

Forj=1tosdo
Find /51 ReachableVertices (G(U), a 1)

Find y; = Reachable Vertices (G(L), /)’,)
F|nd6 =Adj (G(A), v)

x(6), A(y,9),
L(v,y), U(B, B)

= Half of the work

i~ %) perrormea on one processor
end
1 2 3 4 5 6 7 8 9 10 (101 51 52 53 54 55 56 57 58 59 60 463)  232|233|234 235 236 237 238 239 240 241 332) 282 283 284 285 286 287 288 289 290 29]
11 12 13 14 15 16 17 18 19 20 102 6] 62 63 64 65 66 67 68 69 70 464 242243244 245 246 247 248 249 250 251 333 202 293 294 295 296 297 298 299 300 301
21 22 23 24 25 26 27 28 29 30 103 71 72 73 74 75 76 77 78 79 80 465 252253254 255 256 257 258 259 260 261 334/ 302 303 304 305 306 307 308 309 310 311
31 32 33 34 35 36 37 38 39 40 104 81 82 83 84 85 86 87 88 89 90 466  262/263|264 265 266 267 268 269 270 271 335| 312313314 315316317 318 319 320 321
41 42 43 44 45 46 47 48 49 50 105 91 92 93 94 95 96 97 98 99 100 467 272{273|274 275 276 277 278 279 280 281  1336) 322 323 324 325 326 327 328 329 330 331
. o
(211 212213 214 215 216 217 218 219 220 ] 221 222 223 224 225 226 227 228 229 23023!} 468/ | l4420a43]a44 445 446 447 448 440 450 451 452 453 454 455 456 457 458 459 460 461 462
106 107 108 109 110 111 112 113 114 115 (206 156 157 158 159 160 161 162 163 164 165 469 | 337|338|339 340 341 342 343 344 345 346 ‘/_3’-7' 387 388 389 390 391 392 393 394 395 396
116 117 118 119 120 121 122 123 124 125 207 166 167 168 169 170 171 172 173 174 175 470/ | 347348349 350 351 352 353 354 355 356 ‘438 397 398 399 400 401 402 403 404 405 406
126 127 128 129 130 131 132 133 134 135 208 176 177 178 179 180 18] 182 183 184 185 471 357358359 360 361 362 363 364 365 366 ‘439 407 408 409 410 411 412413414 415416
136 137 138 139 140 141 142 143 144 145 209 186 187 188 189 190 191 192 193 194 195 472 | 367|368|369 370 371 372 373 374 375 376 ‘440 417 418 419 420 421 422 423 424 425 426
146 147 148 149 150 151 152 153 154 155 ZIQ 196 197 198 199 200 201 202 203 204 205 \473 377|378|379 380 381 382 383 384 385 386 ;44I 427 428 429 430 431 432 433 434 435 436
Domain 1 Domain & ghost equations Domain & ghost equations Ghost data from
omain
for backward substitution for forward substitution current solution vector

5 point stencil on a 2D grid

Page 26




CA-ILUO with AMML reordering and ghosting

« Reduce volume of ghost data by reordering the vertices using
Alternating Min-Max Layers (AMML) reordering:

* First number the vertices at odd distance from the separators
* Then number the vertices at even distance from the separators

« CA-ILUO computes a standard ILUQ factorization

103] | s4|s5|p1|97|80 79 100 77 94 66  [(463) 247 8 276 260 261 280 251 272234 (334 284 320 297 330 306 309 307 310 308 311
96 78 92 68 466 249 9279 7281252274236 [336) 286 322 298 331 326 329 325 328 324 327
102 | 53|84|k9|75]73 74 76 70 93 65 464 246 263 253 256 254 255 257 250 273 233|333 283 321 296 302 299 303 300 304 301 305
86 88 82 67 467 248 5 270 268 267 269 266 275 235 335|285 323 315 319 314 318 313 317 312 316
14 9 13 8 12 7 11 6 10 1 (01 | 51)61|p7|62]|59 60 63 58 64 52 |465 237 8 245 9243232 (332) 282 291 287 292 288 293 289 294 290 295
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Comparison with Block Jacobi

» Block Jacobi is another preconditioner which does not require communication

for one step of an iterative method

« Tests for a boundary value problem (provided by Achdou, Nataf), 40x40x40 grid

—div(k(x)Vu)=f inQ

u=0 ond,
J

2o on dQ,
on

Q=[01],0Q, =9Q\sQ,

K jumps from 1 to 10°

Methods tested:

. Natural ordering NO+ILUO

. CA-ILUO - kway+AMML(1)+ILUO

. Block Jacobi using LU - BJ+ILUO
. Block Jacobi using ILUO - BJ-ILUO

Thetotaliterations neededto convergence

as afunction of the number of partitions and steps

w -+ wn =23 -
o= = = = o=
o= = = = o=

THE NUMBER OF TERATIONS NEEDED TILL CONVERGENCE

n
o
=

T T

NO+ILUD
——kway+ILU
kway+BJ-LU
—F—kway+BJ4LUD
—+—kway+CA4LUD

1 ]
512 1024
Number of Processors
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Challenge in getting scalable preconditioners

BOILUO -Case 2-30x 30 x 16
Relative residual vs number of iteration:

Many preconditioners (as ILU) have Source: Y. Achdou, F. Nataf

plateaus in the convergence, often dueto A « worteros)
the presence of few low eigenvalues

111111

Direction preserving factorization

* Preconditioner M satisfies a filtering property 0 .
MT=ATorT™M=TA - o

» Filtering vectors T are chosen to improve the convergence

Block Filtering (BFD) and Nested Filtering (NFF) Preconditioners

R. Fezzani, LG, P. Kumar, R. Lacroix, F. Nataf, L. Qu, K. Wang

« Algebraic preconditioners based on nested dissection and block/nested factorization
« Every Schur complement is approximated to satisfy the filtering property:

LDJU,t = LF,U,t, e 2. F,y = Diag((D3U,1)(U,))
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Preserving directions of interest

Pointwise approximate factorization satisfying a row-sum criteria, Dupont,
Kendall, and Rachford (1968), Gustafsson (1978)

« Improves the condition number of the preconditioned matrix for matrices
arising from finite difference approximation of second order elliptic equations

Nested factorization, Appleyard, Cheshire (1983)
« Ift’r, =0, then at any iteration t'r, = 0, ensures a mass conservation property
Filtering factorization, Wagner, Wittum (1997), Achdou, Nataf (2001)

Direction preserving semiseparable approximation of SPD matrices, Gu, Li,
Vassilevski (2010)

« If the near null-space of the original fine grid matrix is preserved, then view
the preconditioner as a coarse discretization matrix

« Conditioning analysis performed by Napov, components dropped are
orthogonal to components preserved

Multigrid methods
«  Bootstrup AMG (Brandt, Brannick, Kahl, and Livshits)
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Eigenwalues magnitode

Results for a boundary value problem

. SKY (provided by Achdou, Nataf), discretized on a 225x225x225 grid (11.3 millions
unknowns) and 400x400x400 grid (64 millions unknowns, 447 millions nonzeros)
. : 3
~divik(x)Vu) = f inQ Q=[01],0Q, =Q\iQ,
u=0 ond,
u
— =0 0ndQ,
on
. Tests use GMRES (PETSc), tolerance = 108
NFF, SKY 225x225x225
SKY 15x15x15 107 9oy - ‘ T ey 'NFF, SKY 400x400x400 |
10* —— ‘ ’ ‘ ' =51 o\ N o~ RASG6L Qf |5 t, e RAS-236
4 vael yredll| = " « RAS-512
|~ BkrA || 0 Xod . RASSI2 | 107 | A\ ) :::1)22;
1 | ¢ > B T 104 j : . RAS-204 |
v | "feeesVd . masams | eesen | NSSORZG |
/—/J ) 10~4 ."o\c,.._ 1 ’ © _e- NSSOR-64 # " R * .. « NSSOR-512 ||
| = e - NSSORAZm || = O *o0eglyl * NSSOR-1024
10° — = \ " e e o NSSOR2I6 | = \ { - NSSOR-2048
/  F e NSSOR-512 || T »  NFF-256
S oll ‘o NSSOR-1024 ¢ = 1p? NFF-512
10~ 1f - l}‘ > NSSOR-2048 || | . { * NFF-1024
' | w0} g - NFE-6d = NFF-2048
j 104 g% TETL198
| % NEF-230 - .
10-2 | _. ‘A;i;‘ NFF-512 )
500 1,000 1,500 2,000 2,500 3,000 o Yoy © NFF-104 L
N o LR NFF-2048 || 105 EIYR, ‘
Eigenvalues index | - !‘3’_‘_3;0 ¥ e .
107% 100 200 300 400 0 100 200 300 400

iteration number

iteration number



Comparison with Restricted Additive Schwarz (RAS)

Settings:
NFF vs RAS, SKY 400x400x400

«  Curie supercomputer based on Bullx . .
Subdom Iteration Error Iteration | Error
system, nodes composed of two
. . 256 5489 | 5.9e-7 268 | 2.2e-6
eight-core Intel Sandy Bridge.
_ _ _ 512 6126 | 2.7e-6 273 | 3.2e-6
) Subdortnalns sl.ol\:jed ‘fs'”ﬁﬂziﬂr g';o’ 1024 7163 | 1.8e-6 289 | 2.6e-6
separators solved using ' 2048 | 10000 | 3.7e-6 317 | 3.8¢-6

. GMRES and RAS from PETSc.

NFF vs RAS, SKY 225x225x225 NFF vs RAS, SKY 400x400x400

'INFF |8 NFF

600 ;
RAS 1,500 RAS
400

1,000

I'ime in seconds
I'ime in seconds

200
500

64 128 256 512 1024 2048 512 1024 2048 1096

Number of cores Number of cores

Best student paper finalist, Qu, LG, Nataf, SC’13 (talk in MS later today) Page 32



Conclusions

Introduced a new class of communication avoiding algorithms that
minimize communication

« Attain theoretical lower bounds on communication

» Minimize communication at the cost of redundant computation

» Are often faster than conventional algorithms in practice

Remains a lot to do for sparse linear algebra
« Communication bounds, communication optimal algorithms
* Numerical stability of s-step methods

» Alternatives as block iterative methods, pipelined iterative methods (Vanroose
et al., talk in MS later today)

» Preconditioners - limited by memory and communication, not flops

And BEYOND
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